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ntroduction

he problem of wave propagation in a stratified medium which contains
low-velocity layer has been studied fairly thoroughly in the case

f acoustic waves in a fluid medium, e.g. SOFAR propagation [3], [51].
he related problem of long-distance radiowave propagation in the
tmosphere has also been treated [3]. The associated phenomenon of
lastic wave propagation in a solid medium, of interest to geophysi-

ists, has been comparatively little investigated [2], [8].

a this report a study is made of the propagation of an SH-pulse
nitted by a line source parallel to the free surface of a semi-
afinite medium. The velocity of propagation increases linearly with
ne distance from the surface. Asymptotical methods are applied to

1 integral representation of the solution. Some of the results can be
ompared to those obtained from Keller's geometrical theory of diffrac-
ion [2], [6], which are given in an appendix. Some of the asymptotic
rregularities encountered are directly related to those observed by
apwood [T] (see also [9]). In those cases where analytical treatment
>uld have been too complicated recourse has been taken to numerical
2thods. The computations were performed on the Electrologica X8
>mputer at the Mathematical Centre. Some of the figures were plotted

7/ Mr. Haringhuizen and Mr. van der Horst using the Electrologica X1.

1is work was begun at the Department of Applied Mathematics and
1eoretical Physics of the University of Cambridge, Great Britain,
5 a suggestion of Dr. E.R. Lapwood. Discussions with him and his

;aff and later with Prof. Dr. H.A. Lauwerier were extremely helpful.




Statement of the problem and formal solution

Consider a semi-infinite inhomogeneous isotropic elastic medium
occupying z > 0. A line source in the direction of the y-axis parallel
to the free surface z = 0 emits an SH-pulse at the instant t = O.
The displacement U is independent of y and satisfies
2.1) lV(VU)—1—--——=-6(x) 6(z-z,) &(t)
- T 2 542 1 ’
where ¢ is the velocity of propagation of SH-waves and p 1is the
rigidity of the medium. Both ¢ and uy are functions of z only, i.e.
)P

c = c.(1+az) and u = u0(1+az » Wwhere the real positive constant

0
o is small, Cys Mg are real and positive and p is arbitrary.
At z = 0 we have (3U/3z) = 0, while the displacement tends to zero

at infinity.

(o]
We apply the transformations U(x,z;s) = J e~5% Uat and
0

E z3s) J -1€x ﬁdx Then U satisfies
1 4 dU* 2 2 *
) L a av y s = _ _
. 2) e (u 12 ) - [E° + (C) Ju §(z z1)

with appropriateconditions at z = 0 and for z + =,
. * . .
This is equivalent to the following statement. U satisfies the

homogeneous form of (2.2) almost everywhere, while at z = Z,

.3) [U*]: = and[ ]

We introduce a new variable v and a new unknown function V(v) by

L) v = £(1+az)/a and U" = x(v) V(v),

)(1:P>/2 and v

where x(v) = (v/v1 ’

£(1+az1)/a.

Then V(v) satisfies Bessel's equation almost everywhere, viz.




d&°v . 1 av N\2q o
sty ay - L1 (I v=o0,
av
1
vhere N = [(Ei_)z* (95—1)232 and Re N > 0,
o 0 o
o L a1
vhile Eﬂ _=0 and E¥1 _ £ o
v v,
.d;Y. 1- '.= =
€ av + a —EB V=20 at v=2¢&/a
and |(v/v1)(1-p)/2 V| >0 as |v] > .

lhe transformed solution will ©be a combination of modified Bessel
. . . + . .

functions. We choose a combination V which is unbounded as z -+ «

and a combination V- which tends to zero as z > », Now we can write

the solution as

+
5) v=o(vi(v) - L vy )W), 2>,
+ wh
=Cc(Vi(v) -=V(v) Viv,), 0<z=2zp
W
1 avt 4+ avT -1
there C = 3 (v e E;—) evaluated at z = z,,
+ avt  1-p .t
vhile W= (v > T —%R V) evaluated at z = 0.

Jbviously the inverse transformations cannot be carried out analytically
Ve will use asymptotic methods for large Re s to obtain information
for small t, i.e. the arrival times of the different pulses. This is
nade easier by the introduction of two new variables.v and w by
: = ivs and v = ilw. The inverse Fourier transform then reads
~ S iwe-l¢ -vsx . *
5) U=— . e U'dv, where ¢ = arg s, |¢| < m/2.
ami . =10
-icg
\s the solution is symmetric in x, we will confine our considerations
;0 positive x. When we use contour integration in the complex v-plane,

7e only need a solution with the correct behaviour in Re vs > 0, viz.




+ _ (1) T 1+0z
vV = JN(NW) and V. = Hy (Nw) with C = - a7 in Im vs > 0,
1+az
+ = (2) . L ; |
= = = - I .
s JN(NW) and V Hy (Nw) with C 57— in Imvs <0

t function V is now known explicitly in the half plane Re vs >0
h the exception of an arbitrarily small angle |arg(vs)| < e where
wst make a continuous transition from the representation for

vs > 0 to that for Im vs < 0. A similar phenomenon has been dis-
sed by Lapwood [T]. When we perform the inverse Laplace transfor;—

ion this must be taken into account ($e¢e section 5).

large Re s we can use Olver's uniform asymptotic expansions of
Bessel functions [10], see also appendix 1. In the following

tion we will use the approximation N = (EE—) + O(s_1)%
0 :
calculations will be performed in the region 0 2z 22, and in

t cases only for 0 < ¢ < /2. The results for z i_z1 follow
ediately by interchanging z and Zys while for -m/2 < ¢ < O the

utions‘ for Im vs > 0 and for Im vs < O change parts.

tion 3 is devoted to the inverse Fourier transformation with the
of contour integration. This method gives us information about
normal modes. In section L4 the saddle-point method is used which

ermines the first arrivals.




Jontour-inte egral method

Ve consider integral (2.6). Integration is performed along

v o= vo e s With -« < VO < », By adding a half circle at infinity
in Re vs > O "this contour may be closed. This half circle doesn't
:ontribute to the value of the integral except when

X2+ (z-z1)2]% = 0, i.e. in the source. The value of (2.6) is equal
;0 the contributions of the enclosed singularities. The only singu-
larities of U in Re vs > 0 are branch points and first order poles.
)f course v = 0 is a branch point. The corresponding cut extends

fFrom v = 0 to infinity in the left-hand half plane, so that the
:ontour can be closed without crossing it.

[f we use Olver's expansions in terms of Airy functions (see appendix
1) this will be the only branch point. If we use the exponential ex-
cansions three other branch pqints appear, v = v(z), v(z1), v(0), where
v(z) = ocl\l[.'s(1+cxz)]—1 ~ [co(1+az)]-1. Loop integrals along the sides
>f the branch cuts however give a zero-contribution because the
wumerical values of the Bessel-function approximations on opposite

sides of the cuts are equal.

*rom (2.5) and (2.6) we see that the poles of the integrand are the
zeros of W . The value of the integral will equal the sum of the

residues in these poles. Asymptotically

- . 2 .
-~ _ p3/2 @#mi/3 /3 [(1;w )1/h.Ai,(exen1/3N2/3c) N

W~
+ oFTi/3 (& 2)1/l+ Ai(e +21i/3 2/3c) N2/3 4
1-w
+ (4 [953 1Y) exp(Bne3/?) 031,
vhere
2 3/2 ! (1 32)% v
(z) = J ——é————-dB and w = ;% (1+az) ~ ve(1+az).

W




Im JI

trg z(0) ==(n+2¢)/3

——aemeemas lOcCuUS Of poles

it - locus of saddle ]

1
v(z) ~ o (vaz)

"igure l1e position of poles and saddle points in the v-plane.




The upper sign applies when Im vs > 0, the lower when Im vs < 0. In
first approximation the zeros of the Airy-function derivative, which
are negative and real, determine the zeros of W, which are therefore
situated near the curve with arg z(0) = + = — 29 (see figure 1 and 5).

3 3
According to Olver [10] an approximaté expression for the kth zero of

W 1is

. ne/3 £, (0) = ot2mi/3 al + 0(3_2/3), where Ai'(ai) = 0.

This expression can be easily obtained for small ;k(o), i.e. near

v = v(0), as is demonstrated in appendix 2.

The number of poles K which must be taken into account, i.e. when

) < ¢ < m/2 those for which Im vs > 0 and when -m/2 < ¢ < O those for
vhich Im vs < O (see again figure 1), can be estimated in the extreme
*ases of small £, (0) (small [¢]) and of larée ;k(o) (small g - |e]).
for small ck(O) and large k the curve through the poles can be
lescribed by

_1 13 2
) vk—com-z z + 0(g7) 1.
ac .
fere ¢ = ¢, (0) = Ejl (k-3/k) |2 e_l(ﬂ+¢)] 25301+ 0x™*3)7 tor

:ontinuous k.

. 3/2 - .
- _ .. =i¢ _2 sin ¢ 3/2 |_s
'his curve crosses v = te at k - 3/4 = o [;in(2ﬂ—¢)/é] acyl”
'he number of zeros K will be
3/2 .
, _ . 2 sin ¢ 3/2 | s 3
) K = entier { 3 [;in(2w—¢)/é] acq + h}'

hen ck(O) and k are both large the zero-curve can be described by

ac

~

-1 _ 1]

e

Vi ™ %g exp [-im(k-3/L)

nd the number of included zeros K is

¢

cos ¢

S

OLCO

~

K = entier {
™




Using Cauchy's theorem we may write

' J =i s 5
.6) U= 5 co(1+az1) X acq kZ1 RK’
+

where §K U P A e—vsx H§1)(NW) H§1)(NW1;] s 0 < ¢

| (3w~ /3v) _Jv=vk

I -vsx (2) B2 () , —1/2
(aW /av) v=v
k

. - . Qc

ana v = o 01+ 273 By (0273 4 o3

0

for small ck(

Details of the calculations are given in appendix 3. The results

~ -4/3 oe )
1) iR~ B (593 e exp LosrgreT 3™ 3 cap)s (223
m cO 0
o[1 + 0(3_1/3)], 0 < ¢ < m/2,
where eg = {L0waz )2-11"% [(1402)201"% (car) ai2(ay)y
. K Kk
(1+0z,) (1+0z) 2 ' 1/2
ac.T. = ox-i [J 1 + J ] LK—:ll——— dw
00 1 1 w
and »50 = ax-1i [(1+az1)2 - 1]1/2 - i [(1+az)2 - 1]1/2.
L2 2 3/2 %0
For large Z, (0) Yy o exp [3(—a£) (—E—) - 11
_1/2
- .C W. ac
and R, ~ ! k k ( 30)5/%

ore, (-ai)giZ(ai)

dw + 1n(1+az,)(1+az)] +

eexp {- = [axw 1

. j1' (1—w2)1/2
uco k % W
k




is the compl jugate of th
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le-point method.

different approach we use the saddle-point method to evaluate
gral (2.6). To do this we have to expand U* in exponential :

>s (appendix 5) and determine the saddle-point of the individual
3. These can only be situated on the positive real v-axis,

v 5_v(z1) (see figure 1). Obviously the expansion of U" in the

>n surrounding 0 < v 5_v(z1) determines the behaviour of the
gral.

saddle-point contributions correspond directly to the geometrical
of the solution (see appendix 4 and figure 4) and each contribu-
can be identified with a definite type of ray. The conditions
che existence of the saddle-points determine the regions in the
-plane where the corresponding types of ray exist.

>ugh we can obtain the complete geometrical solution in this way
>se information about other aspects of the problem. If we write

"' as an infinite sum of exponential functions the poles (i.e.
1ormal modes) are hidden. In the following we will only substitute
:xpansions of its constituents in W , but we will retain the

-t in the denominator, and obtain the solution in the vicinity of

source plus a "least-distance" criterium for the normal modes.

1e region of the saddle-points

6
E%T STVSX Y Z Uf
j=1 Y
: _ _ -sf.(v)
U; - K%T 00(1+az1) X gj(v)(1-w$) 1/M(T—wg) 1/k e 4.
-1 '
L1+ 0(s )]
g1 = ;ig2 =1,

g5 = *ig), = *igy = -gg = (1¥ie
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_ L 3/2
acofo =3¢ (0),

_ 2 3/2 2 3/2
acof1 = acg (fs—fo) = ve,ox + 3 z (z) - 3¢ (21),
ac f, = ac, (f6—fo) = vegjox + % EB/E(Z) + % ?;3/2(21),

acof3 = ve,ox -'% C3/2(z) - %’C3/2(21) + % €3/2(0),
acofu = vcoax 2 C3/2(Z) + % C3/2(Z1) + %'C3/2(0),

shile the upper signs are valid in Im vs > 0, the lower in Im vs < O.
’he expansions on the remainder of the path of integration are given
-n appendix 5. When we put ﬁj

i¢ . —i¢)

Ug dv, where L denotes that part
f (=iwe” "7, joe

on which U; a%pears, the result of the inverse

;ransformation is

n the area of the x,z-plane where the Jth integral has a saddle
oint its contribution can be evaluated by standard methods, in the
omplementary region its contribution is asymptotically of lower
rder and therefore it will not be taken into account (see again
ppendix 5), The only exception is J = 3. In this case the poles

an be important.

able 1 classifies the extremes of fj(v) (j=1,2,...,6) as functions

f real positive v and indicates the regions in the x,z-plane where

1e extremes occur. The numbers in the last column correspond to the
ambers in figure 2. These regions are mapped in figure 3. In the

>llowing the saddle point of fj(v) will be denoted by vsj for all j

tccept j = 5. In the latter case we use v__. and v « The zero of
5min Smax

;(v) will be denoted by Vs :

rveral features stand out. The maximum of f1, resp. f3 or f5; and

le minimum of f2’ resp. fh or f6, exist in complementary regions.
i (x,z) tends to the boundary curve between two such regions vsj
nds to v(z1). The use of the exponential expansion for H§1’2)(NW1)
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.5 then no longer permitted and the term connected with z., vanishes

'rom the exponential part of U; (see table 1, second colu;n). When

) <z 2z the boundary curves correspond to the path of the ray which
.eaves the source parallel to the positive x-axis and when 2z 2z,
‘he boundary curves are the loci of the turning points of the rays,
..e. regions where ray theory no longer holds.

'here are a numbers of caustics, i.e. curves on which fj =f' =0

0lds. We only find two of them (see figure 3) because the factor

1%1 exp—sfo)—1 has not been expanded completely. Viz.
X = 31/2 [(1+az)® - 17172 for %‘[3(1+GZ1)2 + 1712 < (1+az) 5_(1+az1)

. . i . . .
n connection with th and (VCS) O in connection with f_. As f3h

5 >
11/2
s only needed close to ox = - [(1+0Lz1)2 - (1+0Lz)2]1/2 + 2 [(1+az1)2-1)] /.

nly part of the first-mentioned curve will behave like a caustic

epending on the proximity of the two curves.

etails of the evaluation off the saddle-point contributions can be

ound: in appendix 5. Here we only state the results. Writing

) F = j g(v) e_Sf(V) dv,
L
1/ -sf(v )+mi/2
e get F~ (EWEE%;;Ti)JLQS(VS) e s s, 1f v = Vg is a maximum,
-sf(v_)
~ (sfngﬁv ))1/2 (Vs) e s if v = Vg is a minimum,
-sf(v )+mi/6
" 2/321T \F f"%v ) )3 gve) e : :
3°/3r(2/3) STV

if v = v, is a caustic.

sing the above formulae we find inside the regions of validity

adicated in table 1 and figure 3.
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— — — — -2y —_— — — — = = =

N\

\

X

[(1+az1)

——
2_(1+0z)

™

1
2—(1+az)2]2<ax<-[(1+az1)

+2[(1+az1)2—1]

1
0<ax<[ (1+az )2-(1+az) 2]2

2.3
.'
1 i

ni= |

—— i —— — — e — e— ——— —— —— — —

5 .1
) =11%<ax<alx-fL(v

2 2.3
—[(1+az1) —(j+az ] +2[(1+az1 t(ves

)]

[N

1
c5)]<ax<[(1+az1)2—(1+az)2]2+2[(1+uz1)2-1)]

a[x—fé(v

1 1
w> [ (1+oz ) 2= (1+0z) 217420 (1+0z ) 2-177

Figure 4. The rays in different regions of the X,z-plane, 0 < z < Zy-
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[¢] (1+uz )
~ 1 -1/2 -1/4 -1/h ni=1/2
) U. ~ —9————————xs {(1= ) (1=w B }oo .
J 23/2 o 1/2 j V=Y
-ST.
.e 9 r1s0(s” V31, 5=1,2,3,Y%, 5min,
c (1+az )
0 1/2 —1/h 2,=-1/h =1/2
~ 1 {(1-w £ }
—sT.iﬂl/E
.e 9 [1+O(s_1/2)], j = 5 max, 6,

rere Tj = fj(vsj) is the arrival time of the corresponding ray

Figure L4)

3
(1+1 exp—sf‘o)n1 is approximated by 1
1d the upper signs hold for Im s > 0.

2ar the boundary curves but away from the caustics

- . c (1+az,) ac _ _
) T+ T~ 0T (O3 )12 BT
J J+1 62/3r(2/3) s 0
-1/2 - .
ES Yo ~ST. ., ,+Ti/3 -1/3
J.3+1 VEVS 4 @ Jsj+1 [1+0(s )],
lere J = 1, 3, 5 max,
- 2 3/2 ) o _ ) ]
aCHT 1, = VCEOX + 3 C(z) with vey = vocq = [(ax)“+(1+az
- _2.3/2 4 3/2 . _ .
acor3h vcoax 3 C(z) E(O) with v v3u following from
veqox = 2(1—»12)1/2 - (1—w2)1/2,
0
. 2 3/2 5 3/2 . - .
1d ucOT56 vcoax + 3 C(z) 3 C(O) with v v56 following from
Ve .ox = 2(1-w2)1/2 + (1-w2)1/2.

0 0

:ar the caustics
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25/6ﬂ1/2(1+az1) ac

x( S )1/3 [(1+az)2-1]1/LL .

i
+
a

=

37/6r2(2/3)

-sT _,*mi/6=mi/2 .-
. [h(1+uz)2—1]-3/h e c3h [1+O(s_1/3)]3

= V.34% = 31/2 [h(1+az)2—1]-1/2 and

0

c3h = T3h where vc

(1+uz1) ac,

x (

c
~ 0

+Ug .~
Smax Smin 62/3P(2/3) s

¢

2)-1/h

(1_w1 2)-1/h

)13

(1-w

-sT__+1i/6
N D NN S T Ea b
5

) and v = v _ obtained numerically from f! = 0.

c5 5

T = f_(v

c5 5" e5

we deform the original line of integration into the steepest-

ant path for j = 3 it is possible that a number of poles are

2ad. The path of the steepest descent is given by Im {ei¢f3(v)} =
{ei¢f3(v53)}. A sufficient indication of the location of the

3 with respect to this curve is obtained by checking whether the

> recrosses the positive real v-axis at any point. Considered as a
tion of ¢ Im{el¢f3(v)} takes its maximum values for real positive
ean ¢ = 7/2,s50 that, if the steepest-descent path recrosses this
for any value of ¢ it will certainly do so when ¢ = /2. There-
we may confine ourselves to studying the behaviour of

i'Tr/gf3(\))} = Re{f3(v)} = f3(vs3). The function Re{f3(v)} shows
naximum for 0 < v 5_v(z1), either one minimum or two minima and
naximum for v(z1) < v < v(0) and increases steadily afterwards.
implies that the poles must be taken into account when
3(v(0N)} = x/ey > Tolv g

srium we wanted to obtain. The curve x/co = f3(vs3) has been

(v ) and this is the "least-distance"

ited numerically and is plotted in figure 3. The influence of the

al modes becomes noticeable to the right of this curve.
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he inverse Laplace transform.

sing the contour integral method we obtained in (3.6)

s &
(1+az1) X Ga ) R
0 k=1

T Tl
U=-3¢, k®

nere iRk takes complex conjugate values at complex conjugate point:

f the s-plane. It follows that
(1+az1) so+i°° s K o
— X j se z Rk ds,
—ie k=1

c
]
P

a
o
1ere s, is large and K depends on s and ¢.

1en we consider ﬁk as a function of s in Im s > 0 we find that

»5~+16 ),

Rk =0 of s € (s o*tidy

0

11le for fixed k and 59 7 % dk > 0. This implies that we may use
1e Rk—approximation for small Ck(O) almost everywhere. Only when ¢
»proaches m/2 (and Gk + ) the approximation for large Ck(O) must
> used. The separate terms of U are Laplace transforms because thej

10w the correct behaviour at infinity, i.e.

x/c0 -
|se Rk| + 0 for small Ck(O),

(s/aco)ln(1+az1)(1+az) 2
|se Rkl -~ 0 for large ck(O),

len |s| > » in 0 < ¢ < w/2.

T Sy > @ both Gk + 0 and K » », therefore

U= ) R, with
k=1

0 seSt E ds,

=1
Ry =13 K

k o

(1+az1) s +iew
—
—ie

50
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~

Rk is known on all of the path of integration except for an

rarily small section surrounding Im s = 0.

> following ?b

the contour to the imaginary axis. This is allowed for the §k

denotes the complex conjugate of T etec. We

211 behaved functions, but we must keep in mind that the
kimations were valid for large Re s and that consequently the
58 will be valid for small (t-Re TO) only.

rigin is excluded by a small half circle in Re s > 0. It is
to prove that the contribution of this half circle tends to

vith its radius even though Ek is not completely known.

Jstitute s = i03 when Im s > 0 and s = -i03 when Im s < O,
-7/3 ®
- - 32 (1+az.) x(ac )2/3 e. Re{| exp ifo3(t-1,) +
2 1 0 0 0
i 0
+ (20c.)" "3 (car) 89 7 a0}
0 %’ °0
= - C(x,z) Re{J exp(-o3[rg-i(t- )71+ io(20c )'-1/3 (-ai)é )do},
0 S 0 0
the meaning of C(x,z) is obvious and TS = i(ry-x/cy).
: above (t—x/co) is very small so that we may use A = (t-x/co)-1
large parameter. We introduce a new variable k by k = o(t--x/co)”3

>tain

poo0

= - C(x,z) A1/3 Re{J exp[-K3(A1;-i) + iKA1/3(2acO)-1/3(-a')6 Jdak}
0

integral converges in the complex k-plane when |k| > « in one

ree sectors, viz.

1

- /6 + 3

arctg(krg)_1 + 2nm/3 < arg k <

< /6 + % arctg()«r;)_1 + 2nm/3, n=0,1, 2.
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he saddle points of the integrand follow from

1/3 (-ai)d = 0 as

2 * .
- AT =1
3k ( s i) + i()/20c 0

o)

i(A/20c0)/3(-a )8 [ 172
K =g == " .
S 3(At 1)

here 0 < arg kg < m/4 and [Ksl is very small.
he original path of integration may be deformed to pass through

= K and tend to infinity inside the sector n = 0. The direction

f the path of steepest descent in k = Ks follows from
* 2 o
KS(ATO-l) (K—KS) positive and real as
-1
).

arg(k-x ) = - 1 arg K_ - 1 arg(AT*-i
s 2 s 2 0

; follows that

3ac
~ (2 0,3/k =17k
) Rk —(8Tr2 ) (1+az1) X so(—ak) .
l 2 \1/2 ' 3/2, 3/2 -1/2
?xp[-3(§aga) (-ak) 60 (t—TO) ]
. Re{ } H(t-x/c.).
601/h(t_ro)1/u 0

iing the saddle point method we obtained the results (L.k), (4.5),
1 [50"° st o ~
.6) and (4.7). We put U, = ey J e”~ U. ds, where again U. is
J so_im J dJ
own explicitly on all of (so—iw,so+iW) except for a small section
rrounding s = Sq° Again we can move the contour to the imaginary
is avoiding s = 0 with a semi-cirele in Re s > 0 with vanishing

dius which doesn't contribute. Then we find

c.(1+0z,)
0 1 2\-1/k 2\=1/4 | n=1/2 .
U. ~ ———=— x{(1=%%) (1=w") [£"] }o_
J 23/2ﬂ 1 J v—vsj
H(t-t.) 1/2
. 73 [1+0((t—rj) )71, J=1,2,3, 4, 5 min.

(t—Tj)




= 5 max or 6
expansion i
most of ord

acements.

the boundary

57

the caustics

3t Y,

5max + USmin

of course p
and 5 by tak
his is neith

res of the p
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ontribution of the
. Therefore the di
), that is small c

s for J =1, 3, 5

1+az1)

3 . 1/g X{(1-W2
3(30e,) '/

(t=-1. . .)
( Jadt]

y2/3

[1+0(

t-1. .
JsJ+1

c0)1/3 (1+az1)

x[
637/6n1/2r(2/3)

H(t_Tc3lL)
2/3

-1i/3
(t_TCBM)

1+az1)

2,-1/
= x{(1=w])
331/6Tr 1

H(t—TcS)

y2/3

Ti/6 [1

(t-‘rc5

e to refine the re
gher order terms o
y attractive nor u

. have already come
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ndix 1. Uniform asymptotic expansion of Bessel functions,

etails of the uniform asymptotic expansions for Bessel functions of
arge order and large argument can be found in Olver's paper [101].

ome of the formulae have been taken from the Handbook of Mathematical
unctions [11].

e only repeat as an example

H§1)(NW) N 23/2e-ﬂi/3N-1/3( z 2)1/u {Ai(ee"i/3N2/3;

° -2
) Am(c) N+
1-w m=0

3

N eeni/3N-h/3Ai.(e2ﬂi/3N2/3C) y B (¢) N2
m=0

here ¢ is real when w is real and positive,

1 2,1/2 2,1/2
% C3/2 = J Ll:g—l——— dB = - (1—w2)1/2 + 1n itil%ﬂ_l___

W

the mapping of the w-plane on the ¢-plane is shown in figure 5),

24 the other coefficients Am(;), Bo(c), Bm(c) (m=1,2,...) follow

rom a set of recursive relations.
p ,
‘2)(Nw) follows from the above by changing all factors i to -i,

|

. _ 1 (1) (2)

1ile JN(NW) =3 [HN (Nw) + HN (Nw) 1.

rerywhere in Re(wel¢) > 0 except very near w = 1 we can replace the

iry functions by their exponential asymptotic expansions, e.g.

H§1)(NW) ~ (2/'rr1\T)1/2(1-’w'2)_1/l+ exp(éNc3/2—%i), -T < arg N2/3c < -m/3,

~ (27 V208 exp(Bne3/?) + exp(Bne 32,

-T/3 < arg N2/3§ < T,
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_2. Poles of the solution for small z(0).

v = v(0) we may put

(1_w§) {1+ %(1—w2) + o((1-w§)2)}.

z(0) = 2~ o

/3

ppose that N° z(0) is finite and try the expansion

y2/3 13, om~2/3y,

z(0) = B + y(2/N)

)2/3 -h/3).

B(2/N + y(2/N) + o(N

implies 1 - w
1—w2

0)1'1/)4 - 2’11/6

0)

0

=2/3)3

( [1 + o(N

L]

Y
—|

2" 323¢(0)) = w(e”™38) + T3y a1 (2T 3g)(2m) 3 4 o

(e2ﬂi/3N2/3€(O)) = Ai‘(e2ﬂi/38) + ehﬂi/3BY Ai(e2ni/38)(2/1\1)1/3 +

+ o(N‘2/3).

these approximations in 0 < ¢ < w/2

= o /33 30?3y 111 (7™ 38) 4

W
+ M3y a1 (e2™/3g)(2m) /3 4
+ N'2/3[2'1/6e”i/3Ai(e2“i/3B) +0(1) + o(N'2/3)]},
Wo=0,if g =8, = e—2ni/3a£ (k=1,2,..) and y = 0, where a

e kth zero of Ai'(z) and is real and negative.

2/3c (

X = e-gni/3al'{ + O(N—2/3)

llows that N 0)

1 = w

_ e’gﬂi/3ai(2/m)2/3 s o(n /3y,




27

alculation of the residues for small z(0).

ke 0 < ¢ < m/2 as an example. We want to compute

~ W vsx (1) (1)
= | —— e H /(Nw) () .
"k [(aw'/av) : N " W1:]\)=vk

| _ a2
v v=vk awo v v=vk
_ % 2.(1) d=p (1)
= ;g; [(1-w5)N Hy (NWO) 5 NWOHN (Nwo)]wo=ka
. ocC
e = 1 - 2733y (023 4 o(sTH3,
N | = hegl-ap) aital) (52) 01+ o(s72/3),
V=V . 0
1/3 -mi/6
+ 2 e 5SS 1/3 _2/3
. D (aco) [1+ 0(s™2/3)7
k
£ @) 5l () =
ac
2 (20 1010z )21 Y [(14az) 2 Y
™ S
, exp[—STO+2—1/3eﬂi/3(- ')Go(ag—)1/3 + E%]§[1+O(s_1/3)],

0
(1+az,) (1+az) 2 .\1/2
e T. = 0x - 1 [J “1 + J * ] Wo-1) 77

o%o dw

w

1 1




=ax - 1i [(1- - 1]

bining results we
i 2—&/3 ac
=% oemt
e,
2
£(1+az1) - [(1+az
re =
( i%(a')
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_ 4. The geometrical part of the solution.

ding to ray theory [2], [3], [6] we may use the expression

) "_' -p/2 p/2. ¢ _(n) ' (n),_ |
(x,z,t) = (1+az) (1+az,) (x,z) £ [t - (x,2)]
X 1 kzo L}K X? Z K T ‘ Xz

the wave front of the n-times reflected wave.

(n)

.  are analytic functions of x and z and

fr(t) = £ (),

f£,(t) = (ﬂt)_1/2H(t) and H(t) denotes Heaviside's stepfunction.
(n) '
(

quation t = T X,2) 1s the equation of the wave front. The

equation is satisfied by the above series if

2(Vuén) ve(®)y uén) a2
2
T R DL S e B )
' (1+az)
k=0, 1,2, ...,
wtisfied.
iys are determined by %% = %i = A and %§= %§-= + (15 - A2)1/2,

0 is a parameter along the ray. On a ray leaving the source
angle 61 with the negative z-axis we have A = sinST/co(1+az1),
| 2™ for x > 0, and it follows from Snell's law that the angle

>etween the ray and the negative z-axis at any point is given

sin 9, _ sin 6(z)

1) - co(1+az)

c0(1+az
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ay has turning points for z = z, with z, = (1-sin6(0))/asind(0)

is determined by the equations

1+0z

+
x = - —— cotg 8, + nbx + 1+az cotg 6(z)
1+cosb
= o1 in 1, nAT + 1 1n 1+cos6(z) ,
2ac 1-cosH 2ac 1-cosb(z)
0 1 0
2
re Ax = 5 cote 6(0),
_ 1 1+cos6(0)
At = ac, in 1-cos8(0)

8(z) decreases from (m-8(0)) to 6(0) between two consecutive
lections at z = 0. Simple calculations show that the rays are

posed of arcs of circles with centres lying 6n the line z = -1/a,

Facilitate comparison with (5.6) we can also write

sin e1 cos 6(z)
dt = co(1+az1) dx - co(1+az) dz,

*h gives for example for n = 0

1 1 2\1/2
! J ].Ll:E_l___ dg, if 0 < 8, < /2,

A
]
>
»
1
—
1

B

w w

ag, if m/2 <6, < m,

1
. +
AX + oo [ + 3 1

0 ‘w

w

re w = Ac and the upper sign is used if the ray has passed its
1ing point.

(5.6) in 0 < z <z,

1 1 1/2
T, % vx - El— [J - ] il:g—l——— ds
cO w1 Jw
1 r1 2,1/2
- 1 (1-8%)
T, = vx + [J + J ] s ds

0 W w
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v is the solution of respectively

ve wox = [1 = (ve )2(1+02)21V/2 _ 14 - (vey)2(1+0z y271/2

0 1

2]1/2 + [1 = (ve )2( )2]1/2.

0 1+az

ve tax = [1 - (vco)2(1+az) 1

equations can indeed be solved by substituting

. .
ve. = sinv, _ 5in6(z)
0 1+0Lz1 1+az

°

1 also introduce ray coordinates (61,T) and rewrite the
ion for uén) as
(n) (n)
2 .0 3(I/e) _
c2 9T Ic 9T

0,

Ide1 is the length of wave front between two adjacent rays.

aquation is solved by

ul®) - wén)(e1) (/1) V2,

0
(ax/aei) 1+0Lz1 cqse—cose1
1 =0 = = - .
cos 6 o . 2
sin ©
Te cosa1
he source for small t I.~ -
cos ©

(0)
0
.on of our problem in a homogeneous medium

.s region u fo must be asymptotically equal to the elementary

1 _ H(t-R/c)
am (tz_R2/02)1/2

» obtain

(0) _ =3/2.-1/2
wo (91) =2 ™

plitudes of the reflected waves follow from the boundary condi-
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1 at z 3
l2_=1/2 1/2
)(x,z) ™ / (e/1) / .
stics ¢ ven by irves I = 0.
lous pi 3 of ti 3 and wave fronts ! oy

comput 1 are in figures 6, T anc
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3L

X >
he development of the wave fronts as time goes from O to

1 1n(1+az,).
CO 1

"

X —>
he wave fronts of the incoming (+) and the once-reflected wave

+ the moment when the second reflection starts.

'igure T. Some wave fronts.
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N ——

]
1

e

=

z—>

The wave fronts of the once (+)- and twice (x)-reflected wave at

the moment when the third reflection starts.

The wave fronts of the once (+)-, twice (x)- and thrice (0)-

reflected wave at the moment when the fourth reflection starts.

Figure 8. Some wave fronts.
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¢ 5. Details of the saddle-point calculations

1}
ct
o

']

i *
:ompleteness we note that the expansion of U on Vv

t < =, is
-sf

gse I 01+ 0(s)1, £, <t <t

6
VX yt ~ ¢ ]

-sf -sf -sf -sf
~ cle + (17ie 9 Ne 3tie )11 + o(s™H1,

B At By ST < tps

-1 e 3Fie L1 + o(s™ 17,

tor B < tgs tp <t <t

-sf -sf
~cle '+e 3101+ O(s—1)],

—» < t < t t. <t < w

Cl’ C ]

co(1+az )

€= T X0

w

?)-1/h (1)~ 1/

250 fj (j=1,2,...,6) are given in (4.1). See figure 1.

iig~i¢
v = te , 0 <t < o, we can use Laplace's method [4] to

t -sf.

in estimates for integrals of the kind J 2 gje J 4t as all Re sfj
t1

1 Re sf3 and

[f3-fo) increase with t and show a relative minimum at the lower

nonotonous functions of t. Specifically, Re sf

>oint of the interval, while the other functions decrease with
i take their minimum value at the higher end point of the inter-

Therefore
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t2 -sf. -1 1
J g. e I gt ~ 0(s”  exp-sf.) = o(s
6 03 N

1

se Re sﬁj > 0 at the endpoint in question.

information can be considered sufficient for our purpose. The
ential factors correspond to time shifts in the original pulse
gation problem, while the algebraic factor is directly related
2 shape of the pulse and its amplitude. The saddle point and
B, 0 < B <2/3, and are -

fore connected with disturbances which are more important.

rontributions all contain factors s

restricting our attention to 0 < ¢ < 7/2 we remark that both

> points and poles are located in Im vs > 0. All integrals

_iﬂhi¢ »
v = te can therefore be estimated as o(s ). In x, z-
1s where fj doesn't have a saddle point the same estimate will
ig-i¢
:d along v = te . The only exception is j = 3.

.fferent contours which have been used are shown in figure 9.
L1 not give any of the calculations here, but only make some

ts. The results of the calculations are given in (L.3).

-8 the most straight forward case. If there is a saddle: point
ir a is used. There is no contribution from the arc of circle
inity.

L, 6.

\ddle point contour for these cases is shown in figure 9b.

iaddle point occurs we use contour c. The poles may interfere
'r, which becomes noticeable when the path of steepest descent
ises the positive real v-axis on Vgz SV < v(0), see figure 9d.
're 1s no saddle point the poles must be taken into account

‘e 9e).
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